Training Multilayer Perceptrons: Gradient Descent

e Problem of logistic regression: Works only for two-layer perceptrons.
e Nore general approach: gradient descent.

e Necessary condition: differentiable activation and output functions.
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[llustration of the gradient of a real-valued tunction z = f(x, y) at a point (xg, yg).
0z Jz

[t V2| (49,50) = (Wh'ﬂ’ﬁbﬂ)'
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Gradient Descent: Formal Approach

Idea of gradient descent: Approach minimum of error function in small steps.

Error function:

e = Z ell) — Z Cy = Z Z FE:;”_.

l€ Lyed veEUout l€Lfixed VE Ugut

Form gradient to determine direction of step:

- e de  de de
g-l'f_::uf? — Y = - T 1 - 1Tt
dui,, 08, Owyyp, oWy,
Exploit sum over training patterns:

; de 0 ) dell)

?I'f_-:uf? = r} - = l'j — Z (‘g[x'_gl = Z "j -
[ “-'” { '-!I,-.u I!':.:Lﬁxcd fFLﬁde { -”'H
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Gradient Descent: Formal Approach

Single pattern error depends on weights only through the network input:
' A i A [ ff\
. dell) dell) 9 net E, )
vﬂf_.-:u(j[‘ ]I - A T ] — i [E) .
Wy Gnet u Oy,

: [ ~ =l
Since uetit) = u,r.um-fj}' we have for the second factor
: [)
—— = ing".
iy,

For the first factor we consider the error el!) for the training pattern [ = (710, g10)):

( ) r 9
W=y = 5 (o) onll)”

i.e. the sum of the errors over all output neurons.
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Gradient Descent: Formal Approach

Therefore we have

9 .
Jell) 2 vel, ( ) _ mﬁif]) ¢ (05,“ — c:-u’r[”)

o () () , NN
dnety’ d nety’ vEUqut dnety’

Since 011]1 the actual output ouh ) of an output neuron v depends on the network

imput 11(‘1'”' of the neuron u« we are considering, 1t is

- (1)

dell) ~ J r:ru’r."r
(1)

— __J' — -[ -

= E ( o1l ) Ok

5, not d net,,

f':: Tout

rl

SRR TP N wriation &0 o NP
which also introduces the abbreviation d, " for the important sum appearing here.
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Gradient Descent: Formal Approach

Distinguish two cases: e The neuron u is an output neuron.

e The neuron u is a hidden neuron.

In the first case we have

)

" ” o dout!!
- ( .l' ( '
Yu € Uyt - (5-';-,_!'] = (DE{"I — out !;-f ']) —

i [
", uetg,_ )

Therefore we have for the gradient

de () d out ()
. = (I) U (1) () w o ~(1)
Vu € Ugyt vfﬂufjﬂ- = —2 (o”' — outy, 0 ing,
oy, dnety,’
and thus for the weight change
" 7 " - M\ dout (1) "
e - A ( (T
Vu € Uyt ﬂau.'-l;; ) — —;vrﬁt.-,f‘-s‘; ) = n (D-[f; ' — out ?F'a ']) 0 111-5‘{ ']-
< dnety,’
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Gradient Descent: Formal Approach

Exact formulae depend on choice of activation and output function,
since 1t 1s

[Jlir.:l { [Jlir.:l b i i [-'lr:l B
outy,” = f, ontl acty ') = f ont ! f actl nety”)).

Consider special case with

e output function is the identity,

e activation function is logistic, i.e. foui(x) = m;—’ﬁ
The first assumption vyields
a ()
0 outy, r}u:t” C (D),
- = ( nety” ).
‘ [ [ Jact? ;
J uetg,_ ) dnot[ )~
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Gradient Descent: Formal Approach

For a logistic activation function we have

;o d 1 , NI
fact(®) = —(1+e™)" = —(l4+e )% (—e"")
da
l+e -1 1 1
— 5 = - 1_
(14 e7)° 14 e ? l14+e

and therefore

. rJ.;'FI.-CT:.[; 110-["51?]'.:' — .fﬂ.ﬂt-[: net EE]H ‘ (1 - }(El{‘t-lr ]'_]_(_‘-tEf*]:l) =il EE]I (1 N OU.t.E‘f ]I) L

The resulting weight change is therefore
,-""_\'Lt_,-"-ffll =1 (0.51” — f::ﬂut!E:'r ']) out.ﬁf} (1 — ou‘rgf ']) iﬂE‘”r_

which makes the computations very simple.
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Error Backpropagation

Consider now: The neuron v is a hidden neuron, ie.u e Uy, 0 <k <r — 1.

! - !
The output out.E_.J of an output neuron v depends on the network input 11@t.-£‘{]'
only indirectly through its successor neurons succ(u) = {s € U | (u,s) € C} =

{s1,....8n} € U, 1, namely through their network inputs 1'1et_[;.g-".

We apply the chain rule to obtain
i "Ii."\. . "E A
(). d out -Ey %, n@t-,E;- /

(1) _ (D) 1
oy’ = Z Z (op” — outy ) (ﬁ Ok

velyyt s€suce(u) dnets” Jnety,

Exchanging the sums vields

‘ | oy dout (4 d net () v dnet )
() _ - (1) (), 0 s’ ) At
é“ - Z ) Z [LG?-‘ —outy ") . ( [ ] | 3 — Z ‘ {}5 r—[“
HGSHCCI{ EI;I T'I‘i{":c;ut lr} IlE‘-t,I,- ' f} I].(:‘t"”_ ’ 1:,'@5]_1(*@(-{{] f} net "
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Error Backpropagation

Consider the network input

1) -~ (D) 1)
IJC‘IE;- = “'slll.E} . Z Wy ()LLT.}) ’

pepred(s)

—4..

() (1) L
where one element of ing’ is the output outy,” of the neuron u. Therefore it is

i E l‘ r f r

d net E, ) J outJE A ) ol
— = > wp—er | - =
dnet,,’ pepred(s) Jnet; d nety,

The result is the recursive equation (error backpropagation)

J out ()
) NUM u
Ou = Z xﬂ*" Wy ﬁ
sesuce(u) o' nety

) [
d OLITL )
Wey— v

r }?
dnet,,’
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Error Backpropagation

The resulting formula for the weight change is

(4)

_(0) (1) ~(0) douty” ()
‘A-‘“I = ——?u u{"” = T} f'j_ Iy - = ]'? Z (s H e, ; [” 111” .
sesuccl i dnety

Consider again the special case with

e output function is the identity,

e activation function is logistic.

The resulting formula for the weight change is then

_\?F"u“ =17 Z (5,':;5']-1;:3.” (mtg-" (1— th‘r” ) 1115;fT :

sesuce(u)
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Gradient Descent: Examples

Gradient descent training for the negation —x

error for r =0 error for r =1 summ of errors

EURO

Prof. Dr. Rudolf Kruse 102 uzzY



Gradient Descent: Examples

epoch f w error epoch z‘Ev' w error
0O 3.00| 350/|1.307 0| 3.00| 350|129
20 3.77| 2.19|0.986 20 376 | 2200985
40| 371 1.81(0.970 40| 370 1.82|0.970
60| 350[ 1.53|0.958 60| 348 1.53]0.957
80| 3.15| 1.24)0.937 0| 3.11 1.25 1 0.934
100| 2.57| 0.88]0.890 100 249| 0.88]0.880
120 148| 0.25]0.725 120 1.27| 0.22]0.676
140 | —0.06 | —0.98 | 0.331 140 | —0.21 | —1.04 | 0.292
160 | —0.80 | —2.07 | 0.149 160 | —0.86 | —2.08 | 0.140
180 | —1.19 | —2.74 | 0.087 180 | —1.21 | —2.74 | 0.084
200 | —1.44 | —3.20 | 0.059 200 | —1.45 | —3.19 | 0.058
220 | —1.62 | —3.54 | 0.044 220 | —1.63 | —3.53 | 0.044
Online Training Batch Training
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Gradient Descent: Examples

Visualization of gradient descent for the negation —x

Online Training Batch Training Batch Training

e Training is obviously successful.

e Error cannot vanish completely due to the properties of the logistic function.
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Gradient Descent: Examples

_ 5 L 115
Example function: fz) ==zt — T3 + ?;Iz — 182 + 6,
t i | flo) | f'(x0) Az, 6 [
0102003112 | —11.147 | 0.011
1] 021112990 | —10.811| 0.011 5
21022212874 | —10.490 |  0.010
310232 2.766 | —10.182 0.010 4
410243 | 2664 | —-9885| 0.010 _
510253 2568 | —=9.606 | 0.010 o
6102622477 —9.335| 0.009 9
7102712391 —=9.075 | 0.009
80281 | 2309 | —8.825 0.009 1
910289 | 2233 | —8.585 0.009
N 0 - -
10| 0.298 | 2.160 0 ] 5 3 1
Gradient descent with initial value 0.2 and learning rate 0.001.
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Gradient Descent: Examples

| 5, _ . 115
Example function: flx)= 6;1".4 — Tad + ?;Iz — 18r + 6,
i z; | f '{-’ré:] / Ir[:"r'z':] A 6 ji
01 1.500| 2719 | 3.500 | —0.875
L] 0.625 | 0.655 | —1.431 (.358 i
2108830955 2.554 | —0.639
310344 | 1.801 | —7.157 1.789 4
42134 | 4127 | 0.567 | —0.142 _
511.992 | 3.9589 1.330 | —0.345 o
6 1.647 | 3.203 |  3.063 | —0.766 9 | start
7108810734 1.753 | —0.438
810443 | 1.211 | —4.851 1.213 1
9| 1.656 | 3.231 3.029 | —0.757
I — 0 : : i : N
10 | 0.898 | 0.766 0 1 5 3 1
Gradient descent with initial value 1.5 and learning rate 0.25.
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Gradient Descent: Examples

_ i . 115
Example function: flxr)= E;ﬁ — s+ ?:Iz — 18x + 6,

0] | o) | fle) | A ol

0126003816 -1.707 | 0.085

1] 2685 3.660 | —1.947 | 0.097 5

2127833461 | —2.116 | 0.106

3128883233 -2.153| 0.108 4

42996 | 3.008 | —2.009 (0.100

5 3.007 | 2820 | —1.688 (0.054 .

6 3.181 | 2695 | —1.263 | 0.063 9 |

713244 ) 2628 | —0.845 | 0.042

81 3.286 | 2599 | —0.515 | 0.026 1

93312 | 2.589 | —0.293 0.015

ag aoe | ¢ C (] T T . T T =
10 | 3.327 | 2.585 0 1 5 3 1
Gradient descent with initial value 2.6 and learning rate 0.05.
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Gradient Descent: Variants

Weight update rule:

w(t+1) =w(t)+ Aw(t)
Standard backpropagation:
. i .
Aw(t) = —;?“_.n{f)
Manhattan training:
Aw(t) = —nsgn(V,e(t)).

Momentum term:

N n_ T
Aw(t) = —Vie(t) + 3 Aw(t - 1),
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Gradient Descent: Variants

Self-adaptive error backpropagation:
(. nelt—1), it Velt) Vet —1) <0,
cton(t =1), if Vige(t) Vet —1) >0
A Vet —1)- Vet —2) =0,

ne(t — 1), otherwise.

Nw(t) =

Resilient error backpropagation:

r

Aw(t) — - et Aw(t —1), if Velt) -NVyelt—1) >0

k Aw(t — 1), otherwise.

Typical values: ¢~ € [0.5,0.7] and ¢t € [1.05,1.2].

c™-Aw(t—1), if Vel(t) Vet —1) <0,

N v”,(‘ff - 11:I ’ v”:fj{f - 31' :_} U'
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Gradient Descent: Variants

Quickpropagation

The weight update rule can be
derived from the triangles:

A Vyelt)
Awit) = —

Vet —1) =V, elt)

-Aw(t —1).

e
———eg(t-1)
!
|
/et
|
l
| ! w
mow(t+1) w(t) wit—1)

Prof. Dr. Rudolf Kruse

110

E

UzZzy



Gradient Descent: Examples

epoch 0 w error epoch f w error
0| 3.00| 3.50]1.295 0| 3.00] 350|129
20| 3.76 | 2.20|0.985 10| 380 2.19]0.984
40| 370 1.82]0.970 20 375 1.84| 00971
60| 348 1.53|0.957 30 3.56| 1.58|0.960
80| 3.1 1.25]0.934 401 326 1.33)0.943
100 249| 0.88|0.830 50| 279 1.04]0.910
120 | 127 0.22|0.676 60| 1.99| 0.60]|0.814
140 | —0.21 | —1.04 | 0.292 70| 054]—-0.25|0497
160 | —0.86 | —2.08 | 0.140 80| =053 | —=1.51 | 0.211
180 | —1.21 | —2.74 | 0.084 90 | —1.02 | —2.36 | 0.113
200 | —1.45 | —=3.19 | 0.058 100 | —1.31 | —2.92 | 0.073
220 | —1.63 | —3.53 | 0.044 110 | —1.52 | —3.31 | 0.053
120 | —1.67 | —=3.61 | 0.041

without momentum term with momentum term
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Gradient Descent: Examples

i
o
2 ,x"/
~
e

_':1—' I I
4 -2 0 2 4
7

without momentum term with momentum term with momentum term

e Dots show position every 20 (without momentum term )
or every 10 epochs (with momentum term).

e Learning with a momentum term is about twice as fast.
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Gradient Descent: Examples

| 5, w5,
Example function: flr)= E;ﬁ — Tr° + ?;1‘3 — 18z + 6,
i r; | flz;) Jx;) Az, . j"
0102003112 | —11.147| 0.011
1102112990 | —10.811 0.021 ;
2102322771 | —-10.196 | 0.029
31020612488 | -9.3658| 0.035 4
4102062173 | —-8397| 0.040 _
510337 | 1856 | —7.348 | 0.044 o
60380 1.559 [ —6.277| 0.046 9 |
710426 | 1.208 [ —5.228 (0.046
8104721079 [ —4.235 (0.046 1
9105180907 —-3319| 0.045
aly i |:| T T T T T -
10 | 0.562 | 0.777 0 1 5 3 1
gradient descent with momentum term (/3 = 0.9)
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Gradient Descent: Examples

| 5, . 5
Example function: flx)= EIJ‘ — s+ ?;132 — 182 46,
(|« JG) ][ J@) | Ar o
0] 1.500 [ 2.719 3.500 | —1.05(
1] 0450 1.178 | —4.699 0.705 5
21 1155 | 1.476 3.396 | —0.509
31 0.645 | 0.629 | —1.110 0.053 4
4 1 0.729 [ 0.587 0.072 [ —=0.005 _
510,723 | 0.587 0.001 0.000 .
607230587 0.000 0.000 9
7107230587 0.000 0.000
810723 [ 0587 0.000 0.000 1 1
9107230587 0.000 0.000
—_ o= |:| T r r r r -
10 0.723 | 0.587 0 1 5 3 1
Gradient descent with self-adapting learning rate (¢™ = 1.2, ¢~ = 0.5).
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Sensitivity Analysis

Question: How important are different inputs to the network?”

[dea: Determine change of output relative to change of input.

. . )
. 1 0 outy’
VYu e Uy, : s(u) = —— E E —

|Lﬁf{l2d| leLgoq VEUqut dexy’

Formal derivation: Apply chain rule.

dout, Jdout,dout,, dout,dnet, dout,

dex, dout, dex,  Jnet,dout, dex,

Simplification: Assume that the output function is the identity.

Jout,,
dex,
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Sensitivity Analysis

For the second factor we get the general result:

Jdnet,, 0 | | dout,
dout, dout, , dout,,
pepred(v) pEpred(v)
This leads to the recursion formula
dout, Jout,dnet, Jdout, douty,

— —_ E‘i1

I ¢ s ¢ o h
dout, dnet,dout, Jnet, pepred(v) P dout,,

However, for the first hidden layer we get

J net,, i dout, Jdout,
= Wyy, therefore - = - Wy
dout,  dnet,

dout,,

This formula marks the start of the recursion.
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Sensitivity Analysis

Comnsider as usual the special case with

e output function is the identity,

e activation function is logistic.

The recursion formnla is in this case

dout,, , | dout
Jdout,

iU
pepred(v)
and the anchor of the recursion is

dout,,

: = out, (1 —out,)w,,.
dout,,

Py
dout,,

Prof. Dr. Rudolf Kruse
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Chapter 6:
Radial Basis Function Networks
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Radial Basis Function Networks

A radial basis function network is a neural network with a graph G' = (U, C)
that satisfies the following conditions

£y T T _

\1) Er--"111 M bl’.’.ll.lt- - mf

':.ii} C = IZJ{""ril'l X Er*‘rhiduz'll;:n..1-' U cf: ' C ( lr-"'rhidl:'ll,':n IS Umlt]

The network input function of each hidden neuron is a distance function
of the input vector and the weight vector, i.e.

—

; . (Wem =y s 2y
Vu € Upidden Fnet (Wy, iny,) = d(Wy, iny,),

where d : IR x [R" — ]Ra' is a function satisfving V., i, 2 € R™ :

(z) dz,y)=0 & T=y,

(22) d(2,y) =d(y,T) (symmetry),
(222) d(x,2) <d(x.y)+dy,2) (triangle inequality).
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Radial Basis Function Networks

The network input function of the output neurons is the weighted sum of their
imputs, l.e,

N O P
Yu € Uyt fret (Wy,iny) = Wying = Y wy, outy,.

vepred (u)

The activation function of each hidden neuron is a so-called radial function. i.e.
a monotonously decreasing function

f:IR§ —[0,1] with f(0)=1 and lim f(z)=0.
‘ S r—oo” N
The activation function of each output neuron is a linear function, namely
(u), \
foct (et 6,) =net, —4,.

(The linear activation function is important for the initialization.
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