Why Non-linear Activation Functions?

[f the output tunction is also linear, it is analogously

e

outyr, = Doyt - acty, — &,
where
e out;;, = (out,. ..., out,, )7 is the output vector,
U — \PHbuy; . Uy, /
e D, is again an n x n diagonal matrix of factors, and

e (= [5“1_. L TE“ﬂ]T a bias vector.

Combining these computations we get

otityr, = Doyt (Dm : (W’ : oﬁr{;l) —f ) —¢

and thus
outgr, = Aqg - outyy + by9

with an n x m matrix Aq2 and an n-dimensional vector byo.

EURO

Prof. Dr. Rudolf Kruse 73 uzzyY



Why Non-linear Activation Functions?

Therefore we have

Uﬁ’r{__-'g =Ay- Uﬁ’r{_;’l + 512
and

DHTL:E = Aqg- Gﬁ’f{_;’g + HQS

for the computations of two consecutive layers Us and Us.

These two computations can be combined into
outyr, = Aqg - outyy, + by,

where A3 = Aoz - Ao and [’;13 = Aoy 3_;:12 + Egg.

Result: With linear activation and output functions any multilaver perceptron
can be reduced to a two-layer perceptron.
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Multilayer Perceptrons: Function Approximation

(zeneral 1dea of function approximation

e Approximate a given function by a step function.

e Construct a neural network that computes the step function.

Y f
ij'i

? i

s

‘H’V
V

Y=

T ) T3 T4
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Multilayer Perceptrons: Function Approximation

Yy
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Multilayer Perceptrons: Function Approximation

Theorem: Any Riemann-integrable function can be approximated with arbitrary
accuracy by a four-layer perceptron.

e But: Error is measured as the area between the functions.

\q

e More sophisticated mathematical examination allows a stronger assertion:
With a three-layer perceptron any continuous function can be approximated
with arbitrary accuracy (error: maximum tunction value difference).
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Multilayer Perceptrons: Function Approximation

Y
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Multilayer Perceptrons: Function Approximation
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Multilayer Perceptrons: Function Approximation

5. Ayy

0 . Ay

0 — Ayo
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Multilayer Perceptrons: Function Approximation

EURO
Prof. Dr. Rudolf Kruse 81 uzzY



Mathematical Background: Linear Regression

Training neural networks is closely related to regression

Given: e A dataset ((x{,y1)....,(xpn.yy)) of n data tuples and

e a hypothesis about the functional relationship, e.g. y = g(x) = a + bx.

Approach: Minimize the sum of squared errors, i.e.
Fla,b) = ZLQ‘LT“ Zm—l—b*r — ;)2

Necessary conditions for a minimum:

IF noo |
— = Z 2a+br;—y;) = 0  and
da - . _

oF |

P ; 20a+br; —y))r; = 0
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Mathematical Background: Linear Regression

Result of necessary conditions: System of so-called normal equations. i.e.
T

Tt
na + Z:r:?- b = Zyr_-._
1=1

1=1

- 1 Tt
oo+ (a6 = Yo
i=1 i=1 v=1

Two linear equations for two unknowns a and b.

Svystem can be solved with standard methods from linear algebra.,

Solution 1s unique unless all z-values are 1dentical.

The resulting line is called a regression line.
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Linear Regression: Example

T 2|3 51617
U 3| 2 41315
37
y=—+—ux.
s 4 12
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Mathematical Background: Polynomial Regression

(zeneralization to polynomials

y=plr)=ay+aix+...+a,z™

Approach: Minimize the sum of squared errors, 1L.e.

(! Tt

Flag,aq, ... ay) = Z':P'f-f-f: ) —y)? = Z'f”ﬂ +a1r;+ ...+ apr —y; )?
i=1 1=1

Necessary conditions for a minimum: All partial derivatives vanish, i.e.
OF dF OF

- =0 —=10 = (.
f}ﬁf{] f)ﬂ.l

1

da,,

EURO

Prof. Dr. Rudolf Kruse 85 uzzY



Mathematical Background: Polynomial Regression

System of normal equations for polynomaials

nap +

!
a + ... + Z;rjﬁ”
1=1

1
ap + ... + Z.xi““
=1

\
/
\
)

=1 i=1
I Tt 1 T
oalag + [ D " e + .+ > .Tf?m
=1 §=1 1=1
e m + 1 linear equations for m + 1 unknowns ay, . .., a,,.

1
U = Zyi
1=1
I
Uy = Z-Tiﬁﬁ
1=1
I
_ T,
A = Z-T'g Yis
1=1

e System can be solved with standard methods from linear algebra.

e Solution 1s unique unless all z-values are 1dentical.
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Mathematical Background: Multilinear Regression

Generalization to more than one argument

z= flr,y) =a+br+ cy

Approach: Minimize the sum of squared errors, 1.e.

T T
Fla,b,c) = Z(_f{:rx-, y) — 22 = Z(_m + bz + cy; — 2;)°
i=1 i=1
Necessary conditions for a minimum: All partial derivatives vanish, 1.e.
OF L ‘
—— = Z 2(a + bx; + cy; — z;) = 0,
Oa o '
_ 1=1
OF noo ‘
—— — Z 20a +bxr; +cy; — z)x; = 0,
b o '
. 1=1
oF LA ‘
— Z 20a +bx; +ey; — zi)y; = 0.
de 1 '
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Mathematical Background: Multilinear Regression

System of normal equations for several arguments

P

i \ L \ 7
na -+ Z x| b+ Z yipl ¢ = 2
=1 / :

=1

=
Il
M,

—
P

TL \ Tl \ 7L
(Z r;|la + (Z T? b + (Z LY
i=1 ) i=1 ) =1

TL \ T \ T .
Z uila + Z Y Th b + Z 1 c = Z; Y,
i=1 =1/ i -

C = iy

e e
Il
1

—
o

I
_
~—
P
I
s

e 3 linear equations for 3 unknowns a. b, and c.
e System can be solved with standard methods from linear algebra.

e Solution 1s unique unless all z- or all y-values are identical.
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Mathematical Background: Logistic Regression

Generalization to non-polynomial functions

y = ax?

[dea: Find transformation to linear/polynomial case.

Iny=Ina+b-Inxz.

Special case: logistic function
Y 1 1 + eatbzr Y —y

= - o T ﬂu,+h;;:

Y=—————"7- ;
1 + eatbz 0 } y

Result: Apply so-called Logit-Transformation

Y —y
In =a+ bz,
i

EURO

Prof. Dr. Rudolf Kruse 89 uzzY



Logistic Regression: Example

y04]10]30]50]56

Transform the data with

The transformed data points are

T 1 2 3 4 5

z 264161000 —-161|—-2.64

The resulting regression line is

z 72 —1.377hx + 4.133.
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Logistic Regression: Example

Y =46
4 4 Bt —mmmmmm e
3_
2 - -
14 47
(0 37
—1 5
S ;4
—34 T
44 0 T T T T T -
+ 0 1 2 3 4 5

The logistic regression function can be computed by a single neuron with
e network input function f.i(r) = wzr with w ~ —1.3775,
e activation function fuet(net,f) = (14 e~ (1t =) =1 with 6 ~ 4.133 and

e output function f_(act) = 6act.
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