Learning Graphical Models




Learning Graphical Models from Data:

Learning the Parameters
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Learning Naive Bayes Classifier

Given: A database of samples from domain of interest.
The graph underlying a graphical model for the domain.
Desired: Good values for the numeric parameters of the model.

Example: Naive Bayes Classifiers
A naive Bayes classifier is a Bayesian network with star-like structure.

The class attribute is the only unconditional attribute.

All other attributes are conditioned on the class only

The structure of a naive Bayes classifier is fixed once

the attributes have been selected. The only remain-

>@B< ing task is to estimate the parameters of the needed
probability distributions.
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Probabilistic Classification

A classifier is an algorithm that assigns a class from a predefined set to a case or
object, based on the values of descriptive attributes.

An optimal classifier maximizes the probability of a correct class assignment.

o Let C be a class attribute with dom(C') = {c1, ..., cnp},
which occur with probabilities p;, 1 <1 < ng.

o Let g; be the probability with which a classifier assigns class ¢;.
(g; € {0, 1} for a deterministic classifier)

o The probability of a correct assignment is

ne
P(correct assignment) = > p;g;.
1=1
o Therefore the best choice for the g; is

q; = ]-7 if Di :.mangl Pk
! 0, otherwise.
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Probabilistic Classification

Consequence: An optimal classifier should assign the most probable class.

This argument does not change if we take descriptive attributes into account.

o Let U ={Aq,...,An} be aset of descriptive attributes
with domains dom(Ag), 1 < k < m.

o Let Ay =aq,..., A = am be an instantiation of the descriptive attributes.

o An optimal classifier should assign the class ¢; for which

P(C=c;|Ai=a1,...,Am =ap) =

maxygl P(C=cj|Ar=ay,...,Am = an)

Problem: We cannot store a class (or the class probabilities) for every
possible instantiation Ay = aq, ..., Ay = an of the descriptive attributes.
(The table size grows exponentially with the number of attributes.)

Therefore: Simplifying assumptions are necessary.
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Bayes’ Rule and Bayes’ Classifiers

Bayes’ rule is a formula that can be used to “invert” conditional probabilities:
Let X and Y be events, P(X) > 0. Then

PX|Y) - P(Y)
PY | X)= :
v x) =S5
Bayes’ rule follows directly from the definition of conditional probability:
P(XNY) P(XNY)
PY | X)= d PX|Y)= :

Bayes’ classifiers: Compute the class probabilities as
P(C:CZ' ’ Alzal,...,Am:am):

P(Ay=ay,...,Ap=an | C=¢) P(C=c)
P(Ay =ay,..., Ap = ap) |

Looks unreasonable at first sight: Even more probabilities to store.
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Naive Bayes Classifiers

Naive Assumption:
The descriptive attributes are conditionally independent given the class.

Bayes’ Rule:
P(Ay=ay,...,Apn=an | C=¢) P(C=c)

P(Alzal,...,Am:am) < Do
abbrev. for the
normalizing constant

P(C=ci|w)=

Chain Rule of Probability:

P(C=c¢) 4
<Cpo cz>'HP(Akz:ak!A1=a1,~-~4k—1Zak—bC:C@')
k=1

P(C=c¢|w)=

Conditional Independence Assumption:

P(C =¢) I
C=%) T PAy = ap | € = i)
PO k=1

P(C=c¢i|w)=
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Naive Bayes Classifiers (continued)

Consequence: Manageable amount of data to store.
Store distributions P(C' = ¢;) and V1 < k <m : P(A, = a | C = ¢;).

Classification: Compute for all classes c;
n
P(C=cilA1=a1,..., Am =am) po= P(C =¢)- || P(4; =qj|C = ¢)
j=1

and predict the class ¢; for which this value is largest.

Relation to Bayesian Networks:

Decomposition formula:

P(C:Ci,Alzal,...,An:an>

n
=P(C=c¢)- || P(Aj =qj|C =¢)
j=1
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Naive Bayes Classifiers: Parameter Estimation

Estimation of Probabilities:
Nominal /Symbolic Attributes

A #(Ak:ak,C:cZ-)er
PlA.=a. | C =c¢c;) =
(A a 2 #(CZC@')—FHA;{V

v is called Laplace correction: Assume for every class ¢; some number of
hypothetical samples for every value of Aj to prevent the estimate to be 0 if

#(Ap = a, C =¢;) =0.

~v = 0: Maximum likelihood estimation.

Common choices: v =1 or v = %

Laplace correction helps to avoid problems with attribute values that do not occur
with some class in the given data.

[t also introduces a bias towards a uniform distribution.
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Naive Bayes Classifiers: Parameter Estimation

Estimation of Probabilities:

Metric/Numeric Attributes: Assume a normal distribution.

) o 1 (ay, —Nk<ci)>2
P(Ak = Q. | C = Cz) = \/%Uk(cz) <P <_ 2(7]%(01') )

Estimate of mean value

) 1 #(O:CZ)
Ml{:(%)z#(O:CD ]2 a(7)
Estimate of variance
5 1 #(C:CZ> 9
oi(c;) = ¢ (ag(7) — fg(c;))
j=1
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Naive Bayes Classifiers: Simple Example 1

No || Sex Age | Blood pr. || Drug
1| male |20 |normal A
2 || female | 73 | normal B
3 || female | 37 | high A
41| male |33 |low B
5 || female | 48 | high A
6 [ male |29 |normal A
7 || female | 52 | normal B
8l male |42 |low B
9 male |61 |normal B
10 || female | 30 | normal A
11 || female | 26 | low B
12 || male |54 |high A

Rudolf Kruse

P(Drug) A B
0.5 0.5
P(Sex | Drug) A B
male 0.5 0.5
female 0.5 0.5
P(Age | Drug) A B
L4 36.3 | 47.8
o2 161.9 | 311.0
P(Blood Pr. | Drug) | A B
low 0 0.5
normal 0.5 0.5
high 0.5 0

A simple database and estimated (conditional) probability distributions.

, Matthias Steinbrecher, Pascal Held
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Naive Bayes Classifiers: Simple Example 1

P(Drug A | male, 61, normal)
c1 - P(Drug A) - P(male | Drug A) - P(61 | Drug A) - P(normal | Drug A)
~ ¢1-0.5-0.5-0.004787-0.5 = ¢-5984-10"% = 0.219
P(Drug B | male, 61, normal)
= ¢ - P(Drug B) - P(male | Drug B) - P(61 | Drug B) - P(normal | Drug B)
c1-0.5-0.5-0.017120- 0.5 = ¢1-2.140-1073 = 0.781

2

P(Drug A | female, 30, normal)
co - P(Drug A) - P(female | Drug A) - P(30 | Drug A) - P(normal | Drug A)
co-0.5-0.5-0.027703-0.5 = c¢o-3.471- 1077 = 0.671
P(Drug B | female, 30, normal)

= ¢ - P(Drug B) - P(female | Drug B) - P(30 | Drug B) - P(normal | Drug B)
co-0.5-0.5-0.013567-0.5 = c9-1.696 - 1070 = 0.329

Q

Q
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Naive Bayes Classifiers: Simple Example 2

100 data points, 2 classes
Small squares: mean values

Inner ellipses:
one standard deviation

Outer ellipses:
two standard deviations

Classes overlap:
classification is not perfect °

Naive Bayes Classifier
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Naive Bayes Classifiers: Simple Example 3

20 data points, 2 classes
Small squares: mean values

Inner ellipses:
one standard deviation

Outer ellipses:
two standard deviations

Attributes are not conditionally
independent given the class
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Naive Bayes Classifier
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Naive Bayes Classifiers: Iris Data

150 data points, 3 classes

[ris setosa (red)
[ris versicolor (green)
[ris virginica  (blue)

Shown: 2 out of 4 attributes

sepal length
sepal width
petal length  (horizontal)
petal width  (vertical) .

6 misclassifications '@ i

on the training data
(with all 4 attributes) Naive Bayes Classifier
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Learning the parameters of a Graphical Model

Ai=G| Qu=2¢ A2 =M | Q=29
a1 =g aip = m

a2 =g azy =M

A3 =F | Q31 =(g,m) | Qs2= (g, M) | Q33 = (g m) | Q34 = (g, M)
asy = f

agy = f

V ={G,M, F}
dom(G) = {g, 8}
dom(M) = {m, m}
dom(F) = {f,f}

The potential tables’ layout is determined by the graph structure.

The parameters (i. e. the table entries) can be easily estimated from
the database, e. g.:

P(f | g,m) =

Rudolf Kruse, Matthias Steinbrecher, Pascal Held

#(F=£,G=g,M=m)

#(G=g,M=m)
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Likelihood of a Database

Flu G g 8|2 8|8 |8 |g|8
Malaria M m| m|m|m|m|m|m|m Database D with 100 en-
Fever F N O A O I S S O tries for 3 attributes.
+# 34162 811161241 0 |10
B 100 B
P(D|G) = ][ Pley|G)
h=1
Case 1 Case 10 Case 51 Case 58 Case 67 Case 100
" YIRS 5= =T e — e —
—Plgmf)-----Plgmf) --- Pgmf)-----Plgmi) - Pgmi--- Pgmf)
10 t‘|i|rmes 8 t;‘l{rnes 34 ﬁmes
— P(g,m,f) P(g m,f)° P(gm,
I I |
= P(f| g m)'P(g)P(m)' ... P(f|g m)°PE°P(m)® P(f | g m*PE’* Pm)*
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Likelihood of a Database (2)

. 100 .
P(D|G) = ]l PlenlG)
h=1
= P(f| g m)"P(f | g,m)"P(f | g,m)* P(F | g, m)"
| P<f | g m>8p(¥ ’ g m>2P<f | g; m>6P<F ’ g m>34
- P(g)P(g)”"P(m)™ P(m)™

The last equation shows the principle of reordering the factors:

First, we sort by attributes (here: F, G then M).

Within the same attributes, factors are grouped by the parent attributes’ values
combinations (here: for F: (g, m), (g, m), (g, m) and (g, m)).

Finally, it is sorted by attribute values (here: for F: first f, then f).
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Likelihood of a Database (3)

General likelihood of a database D given a DAG G:

n 4 7 N
P(DIG) = TIIIII6
i=1j=1k=1

General potential table:

Ai | Qi - Qi - Qg

ain | Giin - Oiin - Oign

P(A; = a;y, | parents(4;) = Q) = 0,1,

: : : r;
air | Ok - Oyr o Oigk Z 92-]-/{; =1
. . . : . : L—1

a‘i?“z' eilT‘i tre HZsz T Hiqi'l“i
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Learning Graphical Models from Data:

Learning the Structure
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Learning the Structure of Graphical Models from Data

(A) Test whether a distribution is decomposable w.r.t. a given graph.

This is the most direct approach. It is not bound to a graphical representation,
but can also be carried out w.r.t. other representations of the set of subspaces to
be used to compute the (candidate) decomposition of the given distribution.

(B) Find a suitable graph by measuring the strength of dependences.

This is a heuristic, but often highly successtul approach, which is based on the
frequently valid assumption that in a conditional independence graph an attribute
is more strongly dependent on adjacent attributes than on attributes that are not
directly connected to them.

(C) Find an independence map by conditional independence tests.

This approach exploits the theorems that connect conditional independence graphs
and graphs that represent decompositions. It has the advantage that a single
conditional independence test, if it fails, can exclude several candidate graphs.
However, wrong test results can thus have severe consequences.
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Evaluation Measures and Search Methods

All learning algorithms for graphical models consist of

an evaluation measure or scoring function
and a (heuristic) search method, e. g.

o conditional independence search
o greedy search (spanning tree or K2 algorithm)
o guided random search (simulated annealing, genetic algorithms)

An exhaustive search over all graphs is too expensive:

o 2(3) possible undirected graphs for n attributes.

n . . .
o f(n)= Z(—I)ZH <n> QZ(n_Z)f(n — 1) possible directed acyclic graphs.

1
1=1

Q) () () @) (1) (1) (1) )
© @ © ® O @ OB O O W e @

8 possible undirected graphs with 3 nodes

Rudolf Kruse, Matthias Steinbrecher, Pascal Held Bayesian Networks 313



Evaluation Measures / Scoring Functions

Relational Networks
Hartley Information Gain

Conditional Hartley Information Gain

Probabilistic Networks
X2—Measure
Mutual Information / Cross Entropy / Information Gain
(Symmetric) Information Gain Ratio
(Symmetric/Modified) Gini Index
Bayesian Measures (K2 metric, BDeu metric)
Measures based on the Minimum Description Length Principle

Other measures that are known from Decision Tree Induction
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Learning the Structure of Graphical Models from Data

(A) Test whether a distribution is decomposable w.r.t. a given graph.

This is the most direct approach. It is not bound to a graphical representation,
but can also be carried out w.r.t. other representations of the set of subspaces to
be used to compute the (candidate) decomposition of the given distribution.
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Testing for Decomposability: Comparing Relations

In order to evaluate a graph structure, we need a measure that compares the actual
relation to the relation represented by the graph.

For arbitrary R, Fq, and FEo it is
R(E1 N Ey) <min{R(E}), R(E»)}.

This relation entails that for any family M of subsets of U it is always:
Va; € dom(Ay) :...Vay € dom(Ay) :

iy /\ Az-—az-) < min {TM< /\ Ai—az’)}-
(Az-eU MeM A;eM

Therefore: Measure the quality of a family M as:

Z Z ( min {’I“M< /\ Aiai)}_TU( /\ Azaz)>
ajedom(Ay) apedom(Ay) MeM A;eM A;eU

Intuitively: Count the number of additional tuples.
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Direct Test for Decomposability: Relational

1. Coolon)

4

2. (oo 3

| I B | I B [ B [ B
Yz A A A A A AN A 77 A
L] L] L] L]
O O O O
large large | “large large
medium medium medium medium
small small small small
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L] L] L] L]
O O O O
large | “large large large
medium medium medium medium
small small small small
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Comparing Probability Distributions

Definition: Let P; and P be two strictly positive probability distributions on the
same set £ of events. Then

Pi(F)
Py(F)

IKLaiv(Pr, Po) = Y Pi(F)logy
Fe&

is called the Kullback-Leibler information divergence of P; and FP.

The Kullback-Leibler information divergence is non-negative.
It is zero if and only if P} = P.

Therefore it is plausible that this measure can be used to assess the quality of the
approximation of a given multi-dimensional distribution P by the distribution P
that is represented by a given graph:

The smaller the value of this measure, the better the approximation.
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Direct Test for Decomposability: Probabilistic

1. Coolon) 2. (aolr) 3. (eolor) 4 Caolr)

0.640 0.211 0.429 0.590

—5041 —4612 —4830 —4991

6. 7 3.
0.161 0.379

—4401 —4563 —4780) —4401

Upper numbers: The Kullback-Leibler information divergence of the original
distribution and its approximation.

Lower numbers: The binary logarithms of the probability of an example database

(log-likelihood of data).
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Excursus: Shannon Entropy

Let X be a random variable with domain dom(X') = {x1,...,xp}. Then,

7 (Shannon) (X)=— Z P(x;)logy P(x;)
=1

is called the Shannon entropy of (the probability distribution of) X,
where 0 - logy 0 = 0 is assumed.

Intuitively: Expected number of yes/no questions that have to be asked
in order to determine the obtaining value of X.

o Suppose there is an oracle, which knows the obtaining value,
but responds only if the question can be answered with “yes” or “no”.

o A better question scheme than asking for one alternative after the other can easily
be found: Divide the set into two subsets of about equal size.

o Ask for containment in an arbitrarily chosen subset.

o Apply this scheme recursively — number of questions bounded by [logs n].
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Question/Coding Schemes

P(x1) = 0.10, P(xs) =0.15, Pla3) =0.16, Plxy)=0.19, Plas) = 0.40
Shannon entropy: — —>; P(x;)logy P(x;) = 2.15 bit/symbol

Linear Traversal

xl) xQ? ‘/’E37 x47 x5

|
L2, X3, T4, Lh
|

L3, L4, L5
|
|
L4, L5

|
0.10 |0.15 |0.16 |0.19 0.40]|
I L9 L3 L4 L5
1 2 3 4 4

Code length: 3.24 bit/symbol
Code efficiency: 0.664

Rudolf Kruse, Matthias Steinbrecher, Pascal Held

Equal Size Subsets

xl) ‘/’627 ‘/’637 x47 ‘/’65

10.25 0.75 |
X1, T2 L3, T4, T5
| |
0.59 |
L4, L5
|
0.10 0.15 0.16 [0.19  0.40 |
L1 Lo I3 T4 L5
2 2 2 3 3

Code length: 2.59 bit /symbol
Code efficiency: 0.830
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Question/Coding Schemes

Splitting into subsets of about equal size can lead to a bad arrangement of the
alternatives into subsets — high expected number of questions.

Good question schemes take the probability of the alternatives into account.

Shannon-Fano Coding (1948)
o Build the question/coding scheme top-down.
o Sort the alternatives w.r.t. their probabilities.

o Split the set so that the subsets have about equal probability
(splits must respect the probability order of the alternatives).

Huffman Coding (1952)
o Build the question/coding scheme bottom-up.
o Start with one element sets.

o Always combine those two sets that have the smallest probabilities.
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Question/Coding Schemes

P(x1) = 0.10, P(xs) =0.15, Pla3) =0.16, Plxy)=0.19, Plas) = 0.40
Shannon entropy: — —>; P(x;)logy P(x;) = 2.15 bit/symbol

Shannon—Fano Coding (1948)

xl) xQ? ‘/’637 x47 ‘/’65

10.41 0.59 |
L1,L2,T3 L4,y L5
| |
10.25
L1, L2
|
10.10  0.15] 0.16 0.19  0.40
L1 Lo I3 X4 L5
3 3 2 2 2

Code length: 2.25 bit/symbol
Code efficiency: 0.955
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Huffman Coding (1952)

xl) xQ? ‘/’637 x47 x5

10.60
L1, L2, T3,T4

10.25 0.35 |
L1, T L3, T4
10.10  0.15] 10.16 0.19] 0.40
L1 o I3 g XI5
3 3 3 3 1

Code length: 2.20 bit/symbol
Code efficiency: 0.977
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Question/Coding Schemes

It can be shown that Huffman coding is optimal if we have to determine the
obtaining alternative in a single instance.
(No question/coding scheme has a smaller expected number of questions.)

Only if the obtaining alternative has to be determined in a sequence of (indepen-
dent) situations, this scheme can be improved upon.

Idea: Process the sequence not instance by instance, but combine two, three
or more consecutive instances and ask directly for the obtaining combination of
alternatives.

Although this enlarges the question/coding scheme, the expected number of ques-
tions per identification is reduced (because each interrogation identifies the ob-
taining alternative for several situations).

However, the expected number of questions per identification cannot be made ar-
bitrarily small. Shannon showed that there is a lower bound, namely the Shannon
entropy.
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Interpretation of Shannon Entropy

P(CI?1> — %7 P<x2> — %7 P(CC?))
Shannon entropy:

If the probability distribution allows for a
perfect Huffman code (code efficiency 1),
the Shannon entropy can easily be inter-
preted as follows:

—ZP(CL’@) logy P(x;)
1
i I e

occurrence path Tength
probability  In tree

In other words, it is the expected number
of needed yes/no questions.
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P(zy) = 4=, P(z5) =+

— > P(z;)logy P(x;) = 1.875 bit/symbol

Perfect Question Scheme

xl? ‘/’627 aj\S) ‘/’647 ‘/’C5

|
x27 :CS, x47 :CS
|
|
L3, L4, L5
|
|
L4, L5
1 1 1 B ' 1
2 4 8 16 16
1 9 3 T4 x5
1 2 3 4 4

Code length: 1.875 bit/symbol
Code efficiency: 1

Bayesian Networks



Reference to Kullback-Leibler Information Divergence

Information Content

The information content of an event F' € £ that occurs with
probability P(F') is defined as

Infp(F) = —logy P(F).

Intention:

Neglect all subjective references to F' and let the information content
be determined by P(F') only.

The information of a certain message (P(£2) = 1) is zero.

The less frequent a message occurs (i.e., the less probable it is), the more inter-
esting is the fact of its occurrence:

P(F|) < P(F5) = Infp(F}) > Infp(F)

We only use one bit to encode the occurrence of a message with probability %
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Excursus: Information Content

The function Inf fulfills all these requirements:

The expected value (w.r.t. to a probability distri-
bution P) of Inf p, can be written as follows:

Ep (Infp,) = Fz:g Pi(F) -logy Py(F)
C

H (Shannon)(py g the expected value (in bits) of

the information content that is related to the oc-
currence of the events F' € &:

H(P)= Ep(Infp)

H(Shannon)(P> _ Z P(F) : \(_ logs P(F))J
Feé Probability of F© Information content of F'
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Excursus: Approximation Measure

Let P* be a hypothetical probability distribution and P a (given or known) prob-
ability distribution that acts as a reference.

We can compare both P* and P by computing the difference of the expected
information contents:

Ep(Infp+) — Ep(Infp) = — > P(F)logy P*(F)+ Y P(F)logy P(F)
Feé& Feé&
. (P(F) log, P(F) — P(F)log, P*(F))
Fe&
— % P(F)(loga P(F) — logy P*(F))
Fe&

P(F)
P*(F)

IxLai(P, P*) = > P(F)log
Feé&
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Learning the Structure of Graphical Models from Data

(B) Find a suitable graph by measuring the strength of dependences.

This is a heuristic, but often highly successtul approach, which is based on the
frequently valid assumption that in a conditional independence graph an attribute
is more strongly dependent on adjacent attributes than on attributes that are not
directly connected to them.
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Strength of Marginal Dependences: Relational

Learning a relational network consists in finding those subspace, for which the
intersection of the cylindrical extensions of the projections to these subspaces
approximates best the set of possible world states, i.e. contains as few additional

tuples as possible.

Since computing explicitly the intersection of the cylindrical extensions of the pro-
jections and comparing it to the original relation is too expensive, local evaluation

functions are used, for instance:

subspace

color X shape

shape X size

size X color

possible combinations
occurring combinations
relative number

12
6
50%

9
D
56%

12
8
67%

The relational network can be obtained by interpreting the relative numbers as

edge weights and constructing the minimum weight spanning tree.
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Strength of Marginal Dependences: Relational

Hartley information needed to determine
coordinates: logo 4 + logy 3 = logy 12 ~ 3.58
coordinate pair: logy 6 ~ 2.58
gain: logy 12 — logy 6 = logy 2 = 1

Definition: Let A and B be two attributes and R a discrete possibility measure with
da € dom(A) : 3b € dom(B) : R(A=a,B =0)=1. Then

](Hartley)

gain

(A, B)

|

<)
S
DO

(Zaedom(A) R(A = a)) + logy (Zbedom(B) R(B = b))

— logy (Zaedom(A) Zbedom(B) R(A=a,B= b))

(Zaedom(A) R(A = a’)) ' (Zbedom(B) R(B = b))
Z:aedom(A) zbedom(B) R(A=a,B =0 |

is called the Hartley information gain of A and B w.r.t. R.

Rudolf Kruse, Matthias Steinbrecher, Pascal Held Bayesian Networks 331



Strength of Marginal Dependences: Simple Example

Intuitive interpretation of Hartley information gain:

The binary logarithm measures the number of questions to find the obtaining value
with a scheme like a binary search. Thus Hartley information gain measures the
reduction in the number of necessary questions.

Results for the simple example:

I g(iimey) (color, shape) = 1.00 bit
I g(la{iimey) (shape,size) =~ 0.86 bit
I g(la{iimey) (color,size) =~ (.58 bit

Applying the Kruskal algorithm yields as a learning result:

color shape size

As we know, this graph describes indeed a decomposition of the relation.
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Strength of Marginal Dependences: Probabilistic

Mutual Information / Cross Entropy / Information Gain

n
Based on Shannon Entropy H = — ) p;logo p; (Shannon 1948)
1=1

]gain(Aa B) = H(A> — H(A | B)

7\ 7\
7 N\ 7 N\

— — P(a)logy P ZP (—ZP(alb)loggP(alb))
Ya

Va
H(A) Entropy of the distribution on attribute A
H(A|B) FEzpected entropy of the distribution on attribute A

if the value of attribute B becomes known
H(A) — H(A|B)  Expected reduction in entropy or information gain
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Strength of Marginal Dependences: Probabilistic

Igain(A, B) = = P(a)logy P ZP (—Zp(alb)bggp(ab)>

YVa Va
= — ) ) P(a,b)logy P(a) + > >  P(alb)P(b)logy P(alb)
Ya Wb Vb Va
P(a,b
= %%P(a,b) (log Ji(@) — logy P(a))
P(a,b)
= %%P(a,b) 10g2 P(CL)P([?)

The information gain equals the Kullback-Leibler information divergence between the
actual distribution P(A, B) and a hypothetical distribution P* in which A and B are

marginal independent:

P*(A,B) = P(A) - P(B)

I

gain(Aa B) — ]KLdiV(P7 P*>
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Information (Gain: Simple Example

projection to
subspace

H B[] @
40 1180 20 | 160
12 | 6 |120] 102
168 [144 ] 30 | 18
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20 11801200
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180 [120| 60

ok

H B [ O

large | 50 |115] 35| 100
medium | 82 [133] 99 | 146
small |88 | 82 | 36 | 34
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Strength of Marginal Dependences: Simple Example

Results for the simple example:

Igqin(color, shape) = 0.429 bit

Ioqin(shape, size) = 0.211 bit
Igain(color, size) = 0.050 bit

Applying the Kruskal algorithm yields as a learning result:

color shape size

[t can be shown that this approach always yields the best possible spanning tree
w.r.t. Kullback-Leibler information divergence (Chow and Liu 1968).

In an extended form this also holds for certain classes of graphs
(for example, tree-augmented naive Bayes classifiers).

For more complex graphs, the best graph need not be found
(there are counterexamples, see below).
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Strength of Marginal Dependences: (General Algorithms

Optimum Weight Spanning Tree Construction

o Compute an evaluation measure on all possible edges
(two-dimensional subspaces).

o Use the Kruskal algorithm to determine an optimum weight spanning tree.

Greedy Parent Selection (for directed graphs)
o Define a topological order of the attributes (to restrict the search space).
o Compute an evaluation measure on all single attribute hyperedges.

o For each preceding attribute (w.r.t. the topological order):
add it as a candidate parent to the hyperedge and
compute the evaluation measure again.

o Greedily select a parent according to the evaluation measure.

o Repeat the previous two steps until no improvement results from them.
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K2 Algorithm

Idea: Compute the probability of a directed graph G given the database D
(Bayesian approach by [Cooper and Herskovits 1992])

5 5 P(G, D
GOpt = arg maXP(G | D) = arg max (G7 )
G g P
— argmax P(G, D)
G

Find an equation for P(G, D).
In order to compare two graphs, it is sufficient to compute the Bayes factor

P(Gy| D) _ P(Gy,D)

P(Gy| D)  P(Gs,D)

In both ways one can avoid computing the probability P(D).
Assuming equal probability of all graphs simplifies further.
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K2 Algorithm

Model Averaging

We first consider P(G, D) to be the marginalization of P(G, 0, D)
over all possible parameters ©.

P(G. D) = /@ P(G,0,D)de
_ /@ P(D |G, 0)P(G,0)do
_ /@ P(D |G, 0) f(e]|G)PG)de

- PG [ PD|GE) [©]G) e
N—— O ~ - N———
A priori prob. Likelihood of D Parameter densities
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K2 Algorithm

The a priori distribution P (é) can be used to bias the evaluation measure towards
user-specific network structures.

Substitute the likelihood P(D | G, ©) for its specific form:

n 4, T

ITII IT 6"

Li=ly= 1k 1
P(D|G.6)

PG, D) = / feG)de

See slide 310 for the derivation of the likelihood term.
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K2 Algorithm

The parameter densities f(O | é) describe the probabilities of the parameters
given a network structure.

They are densities of second order (distribution over distributions)

For fixed ¢ and j, a vector (0;;1,...,0;;,,) represents a probability distribution,
namely the j-th column of the i-th potential table.

Assuming mutual independence between the potential tables, we arrive

for £(© | G) at the following:

. n 4
f(@ ’ G) — H H 2]17 ij>
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K2 Algorithm

Thus, we can further concretize the equation for P (é , D).

. n 4 7 Qiin n g
P(G, / /[HH H(g ZJ] |:HHf i1y Z]T) d9111,---7d9nann

1=1g=1 k=1 1=1j5=1

q;

n g
_ G H / / |:H szlljck] zyla Cee (9@']'7"1.) d‘gijla - ,d@im

1=1j=1 ZJ/-C
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K2 Algorithm

A last assumption: For fixed 7 and j the density f(0;;1,...,0;j,) is uniform:
f0i1,- . 0ir,) = (r; —1)!
It simplifies P(G, D) further:
- n di o
PG, D) = PG TIT] / / {H @w@lg‘“] —1)ldb,1, .. A0,

1=17=1 z]k

on 4 T

i=1j=1
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K2 Algorithm

—

We finally arrive at an expression for P(G, D):

. . L, n 4 (T' 1>| K
P(G,D) = K2(G|D) = PG ! '
G.D) @10y = PO |2 o
i=1 j=1 gl k=1
n number of attributes describing the domain under consideration
r; number of values of the i-th attribute A;, i.e., r; = [dom(A;)]
q; number of instantiations of the parents of the ¢-th attribute in G :

Le., g = HAjEparents(Ai) Ty = HAjEparents(AZ-) |dom(A;)
;i) number of sample cases in which the i-th attribute has its k-th value

and its parents in G have their J-th instantiation

ri
Nij = > aiji
k=1
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Properties of the K2 Metric

Global — Refers to the outer product: The total value of the K2 metric is the
product over all K2 values of attribute families.

Local — The likelihood equation assumes that given a parents instantiation, the
probabilities for the respective child attribute values are mutual independent. This
is reflected in the product over all ¢; different parent attributes’ value combinations
of attribute A;.

We exploit the global property to write the K2 metric as follows:

n
KQ(G ’ D) — P(G> H Kzlocad(Ai | D)
1=1
with
4; 1>| Ty
K2local(Ai ’ D) — H H O‘z’jk:!

+ r; —1)! Paie
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K2 Algorithm

Prerequisites:

Choose a topological order on the attributes (A, ..., Ap)
Start out with a network that consists of n isolated nodes.

Let (; be the quality of the i-th attribute given the (tentative) set of parent
attributes M:

G(M) = K2a1(4; | D) with  parents(4;) = M
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K2 Algorithm

Execution:

1. Determine for the parentless node A; the quality measure ;(()

2. Evaluate for every predecessor { Ay, ..., A;_1} whether inserted as parent of A;,
the quality measure would increase. Let Y be the node that yields the highest
quality (increase):

Y = argmax ¢;({A})
1<i<i—1

This best quality measure be { = (;({Y'}).

3. If ¢ is better than (;(0)), Y is inserted permanently as a
parent node: parents(A;) = parents(A;) U{Y}

4. Repeat steps 2 and 3 to increase the parent set until no quality increase can be
achieved or no nodes are left or a predefined maximum number of parent nodes
per node is reached.
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K2 Algorithm

1. for i < 1...n do // Initialization
parents(A;) < ()
3. end for

&

+ for i <—n,..., 1 do J Iteration
5: repeat

6 Select Y € {Aq,..., A;_1} \ parents(A4;),
which maximizes ( = (;(parents(A4;) U {Y'})

0 + ¢ — (j(parents(A;))

T

s if 0 > ( then

0 parents(A;) < parents(A;) U{Y}

10: end if

n: - until 6 < 0 or parents(A;) = {Aq, ..., A;_1} or |parents(A;)| = nmax
12 end for
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Demo of K2 Algorithm

© © ©
o ® @ @ ®
@) & [®

—43942.99 —43950.53 —43949.30 —43942.48
Step 1 — Edgeless Step 2 — Insert M Step 3 — Insert KA Step 4 — Node L
graph temporarily. temporarily. maximizes K2 value
and thus is added

permantently.
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Demo of K2 Algorithm

®

—43964.12

Step 5 — Insert M
temporarily.

@ ©

—43933.71

Step 6 — KA s
added as second par-
ent node of KV.

Rudolf Kruse, Matthias Steinbrecher, Pascal Held

c
@ | ®
.

—43995.02

Step 7 — M does not
increase the quality
of the network if in-
sertes as third parent
node.
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@ | -®

—43492.08

Step 8 — Insert KA
temporarily.
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Demo of K2 Algorithm

Of
@ | W
©

—40823.76 —40903.39

Step 9 — Node L be- Step 10 — Adding

comes perent node KA does not in-

of M. crease overall net-
work quaility.
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—39190.67

Step 11 — Node L

becomes parent node

of KA.
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Strength of Marginal Dependences: Drawbacks

H B [ @
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[]
VZ O
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medium
small
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O
large
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small
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Strength of Marginal Dependences: Drawbacks

PA | a1 ap pojaB | @b1 aiby | asby  agho

0.5 0.5 ci |09 0303 05

© (O |p|b b PpjAB | a1b1 aiby | asby  agbs
05 0.5 d | 09 03] 03 05
do 0.1 0.7 | 0.7 0.5

pap | a1 az | ppp | b1 by | |pcp| a1

di |03 0.2 di 103 0.2 dip | 0.31 0.19

dy |02 0.3 dy | 02 0.3 dy | 0.19 0.31

Greedy parent selection can lead to suboptimal results
if there is more than one path connecting two attributes.

Here: the edge C' — D is selected first.
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Learning the Structure of Graphical Models from Data

(C) Find an independence map by conditional independence tests.

This approach exploits the theorems that connect conditional independence graphs
and graphs that represent decompositions. It has the advantage that a single
conditional independence test, if it fails, can exclude several candidate graphs.
However, wrong test results can thus have severe consequences.
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Structure Learning with Conditional Independence Tests

General Idea: Exploit the theorems that connect conditional independence graphs
and graphs that represent decompositions.

In other words: we want a graph describing a decomposition,
but we search for a conditional independence graph.

This approach has the advantage that a single conditional independence test,
if it fails, can exclude several candidate graphs.

Assumptions:

Faithfulness: The domain under consideration can be accurately described with
a graphical model (more precisely: there exists a perfect map).

Reliability of Tests: The result of all conditional independence tests coincides
with the actual situation in the underlying distribution.

Other assumptions that are specific to individual algorithms.
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Conditional Independence Tests: Relational

H B [ E
—

/
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H B[] @

small
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Conditional Independence Tests: Relational

The Hartley information gain can be used directly to test for (approximate)
marginal independence.

attributes relative number of Hartley information gain
possible value combinations

color, shape 3% = % = 50% logo 3 4 logy 4 — logy 6 = 1

color, size 3% = % ~ 67% logo 3 4 logs 4 — logy 8 ~ 0.58

shape, size % = 8 ~ 56% logs 3 4 logy 3 — logy 5 ~ 0.85

In order to test for (approximate) conditional independence:

o Compute the Hartley information gain for each possible instantiation of the
conditioning attributes.

o Aggregate the result over all possible instantiations, for instance, by simply
averaging them.
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Conditional Independence Tests: Simple Example

mELHE ) color Hartley information gain
A ] logo 1 +1ogg2 —logy2 =0
di= B logy2+logy3 — logy4 ~ 0.58
Y O ] logo 1 +logog1 —logy1l =0
) large [] logo 2 4+ logy 2 —logy2 =1
o i average: ~ (.40
shape | Hartley information gain size Hartley information gain
/N logo 2 4+ logy2 —logyd =0 large logo 2 4+ logy 1 —logy2 =0
L1 | logg2+1logy1l —logy2 =0 medium | logy 4 +logy 3 —logy6 =1
O | logy2+logy2 —logyd =0 small logo2 +1logg 1l —logy2 =0

average: =0

average: ~ (.33
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Conditional Independence Tests: Simple Example

The Shannon information gain can be used directly to test for (approximate)
marginal independence.

Conditional independence tests may be carried out by summing the information
gain for all instantiations of the conditioning variables:

I

gain(Aa B ’ C)
Pla,b | c)

= Z P(c) Z Z P(a,b| c) 10g2P(a!c)P(b[c)’

cedom(C) ac€dom(A) bedom(B)

where P(c) is an abbreviation of P(C' = ¢) etc.

Since Igqin(color, size | shape) = 0 indicates the only conditional independence,
we get the following learning result:

color shape size
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Conditional Independence Tests: General Algorithm

Algorithm: (conditional independence graph construction)

1. For each pair of attributes A and B, search for a set S4p C U\{A, B} such that

A1l B|Syp holdsin P ie, A and B are independent in P conditioned on S 4 5.
[f there is no such Sy p, connect the attributes by an undirected edge.

2. For each pair of non-adjacent variables A and B with a common neighbour C' (i.e
C' is adjacent to A as well as to B), check whether C' € Syp.

°)

e [f it is, continue.

e [f it is not, add arrow heads pointing to C, i.e., A — C' + B.

3. Recursively direct all undirected edges according to the rules:

e [f for two adjacent variables A and B there is a strictly directed path from A to
B not including A — B, then direct the edge towards B.

e [f there are three variables A, B, and C with A and B not adjacent, B — C', and
A — C, then direct the edge C' — B.
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Conditional Independence Tests: Simple Example

Suppose that the following conditional independence statements hold:

AllL, B0 Bl ,AlD
All,D|C DU sA|C
Bl ,D|C DU ,B|C

All other possible conditional independence statements that can be formed with the
attributes A, B, C, and D (with single attributes on the left) do not hold.

Step 1: Since there is no set rendering A and C', B and C and C' and D
independent, the edges A — C', B — C', and C' — D are inserted.

Step 2: Since C' is a common neighbor of A and B and we have AJ_I_p B0,
but A » B | C, the first two edges must be directed A — €'« B.

Step 3: Since A and D are not adjacent, C — D and A — C, the edge C' — D

must be directed C' — D.
(Otherwise step 2 would have already fixed the orientation C' < D.)
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Conditional Independence Tests: Drawbacks

The conditional independence graph construction algorithm presupposes that there
is a perfect map. If there is no perfect map, the result may be invalid.

AZCLl A:ag
B=b; B=b|B=b B=bh

D=dy | Yy Y Y °Ji7

PABCD

C'=c

D=dy| Yy Y7 a7 Yar
C— o D=dy | Yy °Ji7 Y Y7
D=dy | %7 Yz Y WY

Independence tests of high order, i.e., with a large number of conditions,
may be necessary.

There are approaches to mitigate these drawbacks.
(For example, the order is restricted and all tests of higher order are assumed to
fail, if all tests of lower order failed.)
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The Cheng—Bell-Liu Algorithm

Drafting: Build a so-called Chow—Liu tree as an initial graphical model.
o Evaluate all attribute pairs (candidate edges) with information gain.
o Discard edges with evaluation below independence threshold (~0.1 bits).

o Build optimum (maximum) weight spanning tree.

Thickening: Add necessary edges.
o Traverse remaining candidate edges in the order of decreasing evaluation.

o Test for conditional independence in order to determine
whether an edge is needed in the graphical model.

o Use local Markov property to select a condition set: an attribute is
conditionally independent of all non-descendants given its parents.

o Since the graph is undirected in this step,
the set of adjacent nodes is reduced iteratively and greedily
in order to remove possible children.
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The Cheng—Bell-Liu Algorithm (continued)

Thinning: Remove superfluous edges.

o In the thickening phase a conditional independence test may have failed,
because the graph was still too sparse.

o Traverse all edges that have been added to the current graphical model
and test for conditional independence.

o Remove unnecessary edges.
(two phases/approaches: heuristic test/strict test)
Orienting: Direct the edges of the graphical model.

o Identify the v-structures (converging directed edges).
(Markov equivalence: same skeleton and same set of v-structures.)

o Traverse all pairs of attributes with common neighbors and check which com-
mon neighbors are in the (maximally) reduced set of conditions.

o Direct remaining edges by extending chains and avoiding cycles.
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Learning Undirected Graphical Models Directly

Drafting: Build a Chow—Liu tree as an initial graphical model
o Evaluate all attribute pairs (candidate edges) with specificity gain.
o Discard edges with evaluation below independence threshold (~0.015).

o Build optimum (maximum) weight spanning tree.

Thickening: Add necessary edges.
o Traverse remaining candidate edges in the order of decreasing evaluation.

o Test for conditional independence in order to determine
whether an edge is needed in the graphical model.

o Use local Markov property to select a condition set: an attribute is
conditionally independent of any non-neighbor given its neighbors.

o Since the graphical model to be learned is undirected,
no (iterative) reduction of the condition set is needed
(decisive difference to Cheng-Bell-Liu Algorithm).
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Learning Undirected Graphical Models Directly

Moralizing: Take care of possible v-structures.

o If one assumes a perfect undirected map, this step is unnecessary.
However, v-structures are too common and cannot be represented
without loss in an undirected graphical model.

o Possible v-structures can be taken care of by connecting the parents.

o Traverse all edges with an evaluation below the independence threshold
that have a common neighbor in the graph.

o Add edge if conditional independence given the neighbors does not hold.

Thinning: Remove superfluous edges.

o In the thickening phase a conditional independence test may have failed,
because the graph was still too sparse.

o Traverse all edges that have been added to the current graphical model
and test for conditional independence.
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Probabilistic Graphical Models: An Example

Danish Jersey Cattle Blood Type Determination

Rudolf Kruse, Matthias Steinbrecher, Pascal Held

21 attributes: 11 — offspring ph.gr. 1
1 — dam correct? 12 — offspring ph.gr. 2
2 — sire correct? 13 — offspring genotype

3 — stated dam ph.gr. 1 14 — factor 40

4 — stated dam ph.gr. 2 15 — factor 41

5 — stated sire ph.gr. 1 16 — factor 42

6 — stated sire ph.gr. 2 17 — factor 43

7 — truedamph.gr. 1 18 — lysis40

8 — truedamph.gr. 2 19 — lysis4dl

9 — true sire ph.gr. 1 20 — lysis 42
10 — true sire ph.gr. 2 21 — lysis 43

The grey nodes correspond to observable attributes.

Bayesian Networks
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Application: Danish Jersey Cattle Blood Type Determination

A fraction of the database of sample cases:
f1 v2 f1 v2

y

ST ST S T S~
<K<K <K<K

y

f1
f1
f1
f1
f1
f1
f1
f1

V2
V2
V2
V2
V2
fil
vl
V2

21 attributes

500 real world sample cases
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% X
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A lot of missing values (indicated by *x)
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V2v2
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fif1l
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fif1
viv2
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T B Y e B
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[s it possible to generate a Bayesian Network from Data?
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Application: Danish Jersey Cattle Blood Type Determination

network | edges params. train test
indep. 0 59 -19921.2 -20087.2
orig. 22 219 -11391.0 -11506.1

Optimum Weight Spanning Tree Construction

measure | edges params. train test
Lyain 20.0 280.9 -12122.6 -12339.6
Y2 20.0 2829 -12122.6 -12336.2

Greedy Parent Selection w.r.t. a Topological Order

measure | edges add. miss. params. train test
Lyain 35.0 17.1 4.1 13422 -11229.3 -11817.6
Y2 350 17.3 4.3 1300.8 -11234.9 -11805.2
K2 233 14 0.1 2299 -11385.4 -11511.5
D1 995 06 01 2199 113805 -11508.2
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Application at Daimler AG

Improving the Product Quality by Detecting Weaknesses

o Learn a decision tree or inference network
for vehicle properties and failures.

o Look for suspicious conditional failure rates.
o Find causes of these suspicious rates.

o Optimize design of vehicle.

Improve the Error Diagnosis in Service (Garages

o Learn a decision tree or inference network
for vehicle properties and failures.

o Record new faults.

o Test for most probable errors.
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Analysis of the Daimler Database

Database: approx. 18500 vehicles with more than 100 attributes
Analysis of dependencies between specific equipment and failure.

Results are used as a starting point for technical investigation.

e P —

—
electrical . L. . . acceleration
air condition engine type tire type

sliding roof skid control

COMPIessor
failure

brakes
failure

battery
failure

Fictitious example: There are significantly more battery failures, if an aircondition and
an electrical sliding roof are installed.
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Example Network

Influence of specific equipment on battery failure:

(fictitious) battery failure rate Aircondition
with without
elec. sliding roof W?th 8% 3%
without | 3% 2%

Significant deviation from independent distribution.

Hint for possible causes.

Here: Larger battery might be required if both aircondition
and electrical sliding roof are installed.
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Explorative Data Analysis
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Discovery of Local Patterns

Partition of the
entire vehicle set
according to the
network’s potential
tables.
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Subnet of the entire network
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